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A differential -nonlinear version of the theory of plasticity based on the model.
of a linear anisotropically hardening plane-plastic medium [7] and the isotropy
postulate [8], which has been verified by experimant under complex loading
[4=6], has been developed in [1-3] for plane deformation paths, In particular,
dependences have been established between the stress and strain increments at
an angular point of the loading trajectory.

The dependences mentioned are extended below to the case of arbitrary ori -
entation of a small additional loading relative to the preceding plane trajectory. The
result obtained permits an approach to the formulation and solution of problems about
the influence of the loading history on the magnitude of the critical parameters cor -
responding to bifurcation points of the process (Shanley formulation) and the bifurcation
of states (Karman formulation ) of thin walled structural elements from the aspect of the
differential-nonlinear version of the theory of plasticity, Certain qualitative aspects
of this question are clarified in the model of a plate subjected to bilateral compression
[9]. In particular, it is shown that a birfurcation point of the process precedes the bi-
furcation point of the state if the method of fastening and loading the model during the
branching imposes no constraints on the angle of the deformation trajectory broken-line,
Within the framework of the differential-linear versions of the theory of plasticity, this
result was obtained earlier for a three~dimensional body [10-12], A deduction is made
that the Shanley critical load, determined taking the active loading history into account,
exceeds the critical load determined by the Hencky-Nadai theory of deformations with-
out taking account of the loading history.

1, ON THE EQUATIONS OF STATE IN A SMALL NEIGHBORHOOD OF AN
ANGULAR POINT OF THE LOADING TRAJECTORY, Let the loading of a linear aniso-
tropically hardening plane~plastic medium {7] be characterized by an arbitrary tra-
jectoryOA B(Fig. 1) in the S,S; plane of the five-dimensional Il'iushin [8] space of
stresses, We express the stress § and strain E vector components in terms of the ten-
sor components G;j, £;; (i, j ~ z, y, z) by using the equalities,

Si =V a(0x—0y), Sa=V35(0,—0), S;= V271,
Se=V2r,

So=V21u (0i=05 0=y i7j; 0 ="/s(0x+ 0, + 0,)
Ei=Vi(es—s), Ex=V3¥i—e) Ba=Vihia

Ey = VWYW

Es =V 'Vavar (=85 285="ij, i9=J; & =a(ex + & + &,))
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Let us apply a small additional load
dS = BC from the point B and let us
write the expression for the strain incre-
ment dE. We still consider the vegtor
to be located in the plane §;S5.

If the response of a plane medium
to strain anisotropy is characterized by
a logarithmic function of the hardening

F (0) = k1n (c / ®)then according
to [3] we can write in the auxiliary

CS,'S,’ coordinate system (such a re-
presentation of the relation dS ~ dE
is used for the first time )

Fig, 1
dSy = Gp (2B1s*) dE,', dSy = Gg (2Bys*) dEs’ (1.1)
1 -1 1 -~
Gp=(—2—G—+B11> , Gg:(E——{—Blz)l
1 Jo (2
By, = W[E(_z((% — 2aJ, (2a)] Jo (20) & B, (L2)

Bip = 15 (20) + 1,2 (20)], 20 = - — Bio*

Here G is the elastic shear modulus, J, (2a), Jy (2&) are Bessel functions, 2f;5*
is the angle formed by the tangents to the loading line X,, at the loading point C
(Fig.1). The functions Gp and Gy, called the moduli of continuing loading and ad -
ditional loading henceforth, are independent of the form of the trajectory, and pro -
portional loading, in particular, can be used to determine them,

It follows from (1. 1) and (1, 2) that the relation between dS and dE for
arbitrary trajectories is determined completely by the angle of the singularity 2B15*
on the loading line 2,3 and its orientation 2% in the plane S,;S;. The argument

2B13*  of the functions Gp, Gy and the orientation parameter 2x depends ess=-
entially on the loading history and are functionals of the process,

It should be noted that the invariance of the dependence of the angle of the
singularity at the loading point and the vectors of the increments dS dE  obtained
above within the framework of the model [7] was formulated earlier by Kliushnikov
as a postulate in the version of the theory of plasticity which he proposed [13].

The method of analytical construction of the loading line X, has been eluci-
dated in [14 ] for the model of a linear anistropically-hardening plane-plastic medium,
based on the concept of slip. In particular, the value of the angle 2f,,* and its ori-
entation 2% are determined by using two functions 2a = o, (1) + o, () and 2x =
ay () — oy (t),where o, (t) and o, (t) are the boundaries of a set of slip directions, and
the trajectory arclength is taken as the time parameter ¢ . At an arbitrary loading
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time, a, and @, are calculated from the condition that the resistance to shear S,,
and the velocity of its increment 4S,, / 4t in the direction of m of developing slip
are, respectively, equal to the tangential stress T, acting over the slip area, and the
velocity of the increment in the tangential stress g, / 9t

Appropriate algorithms have been proposed in [3, 15,16]; here we limit our-
selves just to the following remarks,

Let the trajectory 0AB be smooth at B or accompanied by a break asshown
in Fig, 1, but let the angle f between the direction dS and the bisectrix of the angle
2B,3* at the point B not exceed the quantity Po determined by the formula

1 J1(2ap) (L.3)
tg Bo = 20p In (2c/ag) ~ Jo(ag)* ag =a(tp)

In this case the small additional load dS from the end of the trajectory 0AB does not
result in freezing of the slip systems occurring at the time tp— 0 preceding the break-
point of the trajectory at the point B and

.y (tp =+ 0) = oy, (tg — 0), 205 = 0y (tp £ 0) + & (tp £ 0)

Thus the value, of the angles 2f8,,* corresponding to the points B and C of the tra-
jectory agree within the limit dS — 0 , and the relations (1,1), (1.2) determine
the differential-linear relation dS;’ ~ dE,” independent of the direction dS within
the cone B < P, of the total additional load,

If p>n — (Bis*)p: then unloading occurs according to the elastic law and

G, = Gg = 2G. For (Bo < [3< 7 — (B13*)p) the increment dS. will result in part-
ial or total freezing of the slip systems, and therefore, to a jump change in the angles

2B4s* = n — 2 (o; + &) and 2% = a, — ;. In particular, if the vector dS is dir-
ected along the line 2,;, then (251;*) g = = and the loading point on2,;becomes
regular,

For an imcomplete additional load (Bo << B << — (B;5*)p) the relation be~
tween dS;’ and dE;’ determined by (1.1) and (1, 2) depends essentially on the dir-
ection dS and therefore, is differentially nonlinear, The angle of the singularity 2f,;*
at the point - ¢ and its orientation 2% are hence determined by (1.4), where the
parameter %¢ is computed from (1,5)

2B13*)c = (2P1s*)p — 4 (ap — ag) (1.4)
Mo = 2ug + 2 (g — ap)

1 Jl (ZGC) 1.5
tg (p — 205 — 2ap) = 20510 2C1ap) — Jy(20p) (.5

The results obtained for plane-plastic deformation on the basis of the isotropy
postulate remain valid for arbitrary plane and spatial monotonic loading paths [3] ar~
bitrarily located in the five~dimensional Il'iushin space [8]. Conditions for the model
of a plane medium to satisfy the isotropy postulate are mentioned in [4]. Replacing
the logarithmic strengthening function F (w)by its general possible form [17 ] does not
alter the crux of the question,

Now let us consider the case when the additional load dS is in the plane I1
passing through the S, axis but rotated arbitrarily with respect to the preceding plane
trajectory OAB (Fig.1).
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Proceeding from tue above~mentioned invariance of the dependences of the
loading angle 2f3* and the vector increments dS, dE, as well as independences of
the functions Gp, G, from the form of the trajectory for any plane and spatial mono-
tonic loading paths, it is natural to assume that the mentioned invariance and indep -
endence of Gy, and Gy hold for arbitrary loading processes. Hence, by analogy with
(1,1) for the small additional load dS oriented arbitrarily with respect to the preceding
trajectory, we can write

dS, = Gp (2Pi*) dEY, dSy’ = Gg (2Byn* )AE' (1.6)

Here 2f;g* is the angle formed by the tangents to the line of intersection between
the loading surface X and the plane II.
Let the additional load dS not result in freezing of the slip systems in the
first and second cases, Then the increment dE," is determined just by the component
dS;" and is independent of the components dS;’ and dSp’,in particular 4S," =

dSn' = Ocan be assumed without changing the quantity dE,’ . Hence, foran ar-
bitrary point B of the trajectory we obtain on the basis of (1 1)and (1. 6)
Gy (215*) = Gy (2Bun) .0

According to (1,2), here G, is a single-valued increasing function and total add -
itional loading can be realized from an arbitrary point of the loading trajectory, hence
(1.7) holds upon compliance with the condition

[313* — ﬁﬂl* (1.8)

(The independence of G, and Gy from the angle [ within the total additional
loading cone does not mean constancy of these functions with the change in f§;5%.)
Taking into account that the orjentation of [] relative to the S,’S; plane
was selected arbitrarily, we arrive at the deduction that for any strain process the solid
angle 28* formed by the tangents to the loading surface 3 at the loading point, is
a hypercone of rotation, This result permits extension of (1, 1) to the case of arbitrary
orientation of the additional load vector relative to the piane trajectory OAB (Fig. 1),
We have

dS," = G, (2p*) dE,"y dS;" =Gy (2B*) dE,’, i=2.3, 4,5 (L9)

Here, as above, the continuing loading G, and additionalload G¢ moduli are de -
termined by the relationships (1,2) S,'S,'5;'S,'S," are a mutually orthogonal local
coordinate system with origin at the running point ( of the loading trajectory, where,

S," is the axis of the hypercone of rotation formed by tangents to the surface S at
the loading point

2, ON BIFURCATION OF THE PROCESS AND STATE OF AN IDEALIZED
MODEL OF A PLATE. Let us consider the Kliushnikov model consisting of two parallel
square plates 2a X 2a with a total cross-sectional area f separated by a spacing
2h and deformable in their planes by two pairs of rigid levers (see Fig, 1 in [9]. The
ends of the levers and the forces P,, P, acting on them remain in the xy plane:
the process of the change in force during the time ¢ is arbitrary, The plane equi-
librium mode becomes unstable and model buckling occurs upon the achievement of
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the combinations P, = fo,, P, = fo, of certain critical values p_*, D *
dependent on the loading history,

In an infinitesimal neighborhood of the branch point, the equilibrium con -
ditions of the external forces and moments, as well as the relation between the strain
increment and the deflection dw of the center of the model are given by the equations

o dQ:x +de=0 (2.1)

Pidw + LdQ; = hf/2 (do,* — doy)i

dw = alL/2h (de;* — de;~) (i~ 9 aLL)
where dQ); is the reaction of the support during buckling and do;*, de;* are the
additional stresses and strains to the initial state, ( Here and henceforth, quantities
referring to the upper plate of the model are marked with the plus superscript, while
those referring to the lower plate are marked with the minus, We consider the com -
pressive stress and strain positive ; we do not exclude from consideration the unloading
of the lower plate during buckling,

Going over to the variables

Sl = V_i_/2 (Ux - UU)? SZ = ‘/-76. (Gx -+ Gy)
E, = sz (&x — &), Ep = V-i—/-;(ex +8&), S;=EFE; =0 i=>3

we obtain from (2, 1), after eliminating dQ. and dQ,
AE* = By, ks, By — dEy) = )/ 2 (@8, — dSy)

These latter relationships can be rewritten thus in projections on the axis of the aux-
iliary §,'S," coordinate system (Fig, 1):
dE,'* cos 2ut — dE,'~ cos 2x~ = dE,'t+ sin 2xt — (2.2)
dE,’" sin 2%~

“hiz So(dEy* sin 2%t —dE," sin 2% + dE, " cos 2x* — dE, " cos 2x7) =

|/ % (dS,'* sin 2x*— dS,"" sin 2%x™4-dS,'* cos 2x*—dS," cos 2x7)

First, let us consider the problem of determing the critical load in the Shanley
formulation, Let the deformation process in an infinitesimal neighborhoodof the branch
point occur without freezing of the slip system in both the upper and lower plates of
the model because of the additional load increment dP; (P;dP; > 0), It will
later be shown that such an assumption results in a minimum critical load, In the
total additional load case under consideration we obtain

(2B*)*F = (2B*)~, 2xT = 2u7
and we have on the basis of (1,9)
dS,"t = G, (2B*) dE,%, dS," = Gy (2p*) dE,'*

Taking account of the last dependences, we obtain from the second equation in (2, 2)
for the Shanley critical load (S, = 8,%)
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8y = l/g 16, (2B*) sin® 2 + Gy (2B*) cos® 2x] (2.3)

Partial or total freezing of the slip results in an increase in the moduli Gy and Gy
according to (1,2) and (1.4), hence (2, 3) obtained under the assumption of total add-
itional loading at the initial instant of buckling of the plate model, determines the
minimal critical load,

Now, let us examine the problem of determining the critical Karman load
S2= S,**  Inthis case dP; = ( and the vectors of the additional load incre -
ments ¢S+ in the upper and lower plates of the model are equal in magnitude but
opposite in sign

dS- = —dS+, B-=an 4+ B+

Without imposing preliminary constraints here on the magnitude of the angles
of the additional load directions B+ and P, we can write for the upper and lower
plates of the model from (1,9)

({S[’i = (;I,i-dElli, ng/i -= (}gdﬁ‘gli
We hence obtain from the first equation of the system (2, 2)

cin 2%+ sin 2%~ N cos 2nt €03 217\ 2.4)
< Gg* - Gy ) eh - < Gp* g Gp =0 (

Taking into account that for a given subcritical state the moduli G,*, Gg= and the
parameters 2x* are the functions of the angle [+, we conclude that the last equation
is the definition of the additional load direction ¢S+ (dS- = —dS*) for bifurcation
of the Karman state,

It can be shown that the solution [+ = P+ of (2,4) is given by

tg Py = <'1 + %g) (1 + %Z)_l ctg 2% (2.5)

if it does not exceed the values of By and B*. Here G, G, and 2x are
evaluated at the time {z - ( preceding bifurcation of the state, Bifurcation is
hence accompanied by a complete additional loading of the upper and unloading by an
elastic law of the lower plates of the model, Therefore, we can write

dS,'t = G,dE,/*, dS,’* = G dE,'* (2.6)
ds,’ - = 2GdE,’ -, dS,” = 2GdE,"~

If the dependences (2, 6) are substituted into the second equation in (2,2), then we
obtain for the Karman critical load

9 192 2.7
Sy** — V—%—‘%(Dpsinz 2% + Dg cos® 2x) (2.1

-1

G\ Gy

Since Dp > Gp, Dy > Gy, a simple comparison of (2.3 ) with (2. 7) results in the
condition
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S,* < Sy**
The equality S,* == S,** is possible only within elasticity limits when
G, = Gy = 2G, and we have for the critical load (S, = §,,)

2 GR?
Sw=2) 5o

As the magnitude of the plastic deformation grows in the subcriticalstate , it
can turn out that the solution Byt of (2.4) will not satisfy the condition py* < p*
and fy. (This can occur in the case p* < fs.) . Then the vectors -dS+ and dS-:si-
multaneously, or only dS- will emerge from the zone of total additional loading and
unloading, respectively, and will enter the zone of incomplete additional loading,
In this case it is impossible to represent the formula for $»** in a compact explicit
form, however, as numerical computations show, even here the condition S,* < S.**
remains valid, It has therefore been shown that bifurcation of the process of a plate
model precedes bifurcation of the state, As noted above, this deduction is an exten=
sion of the known result on [10-12] to the case of a differential-nonlinear variant of
plasticity theory based on the slip concept.

3, ON THE DEPENDENCE OF THE SHANLEY CRITICAL LOAD ON THE
LOADING HISTORY, The papers [18-20], particularly, are devoted to a study of this
question, Some aspects of the influence of the loading history on the critical para -
meters are examined below on the basis of (2, 3 ) written for arbitrary loading paths for

a plate model, . . L.
If the strain process is monotonic in the

S, suberitical state [1, ], in particular, is pro -
08 I I, 4, | portional, then the differential-nonlinear ver-
B sion of the theory of plasticity which was used
%Z/ /é& (’ will degenerate into the Hencky-Nadai theory
a4 g <] of deformation, As has been shown in [19],
/ % a in this case there exists an absolute stability
7 7 domain I (Fig, 2). If it is taken into account
0 4 in addition that G, = %, £y, Gy = ¥4 E,,
0 a4 0 04 51 for monotonic strain, where E; and'F, are the
Fig, 2 secant and tangent moduli of the o, ~ &,

diagram under simple loading, then on the
basis of (2.3 ) the equation of the line 7 bounding the domain 1 ‘fcan be represented

in the form
S _E_( 1 - xS E,
Swe = 2G\singy —tSineax = sin2x’ ”““1—7'3)

The line mentioned is constructed in Fig, 2 for the aluminum alloyARK-6 (G =
0.27 108 ke [/ ex®, 15 =410 n2 /[ cex?, ¢ = 0,105 n, F=kln(c/ w), G/ k = 8.5).
The magnitude of the critical load S:e is taken as one in the computations and
Sy* [ Spe = 0.6.  for 2% = n/2,The zone S,e > 1 is the zone of elastic in=
stability.
Violation of the monotonicity condition in the subcritical state, just as at the
time of bifurcation, results in an increase in the moduli Gp, Gg and to growth of the
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critical load as a whole, In this connection 1 is the absolute stability domain even
for nonmonotonic active loading paths, A change in the quantity S,* under loading
by a two-link trajectory 0OAB with a n / 2 breakpoint angle is shown in Fig, 2 by line
2 . The difference between curves 1 and 2 is insignificant, The authors of [21]
arrive at an analogous deduction by an experimental investigation of the influence of
the loading history on the magnitude of the critical parameters of a cylindrical shell
loaded by an axial force and intemal pressure according to two-lined trajectories, Let
us note that the principal axes of the stress tensor under complex loading retain their
constant direction in the cases under consideration, There is reason to assume that the
influence of the history on the critical load of thin-walled structure elements can be
substantial under complex loading with rotation of the principle axes of the stresstensor.
As follows from (2.3 ), for a model a significant rise in S»* is achieved on
loading paths close to complete freezing of the slip system, when Gp, Gg — 26G.
The following possibility also merits attention, The domain within the initial Z,,°or
the next 2,, loading line (Fig, 2) satisfying the condition S, <C Sse is the elastic
stability domain, Therefore, a significant rise in §,* can be obtained (points of zone
I1 are reached ) by preliminary loading of the model in the plastic domain outside the
bifurcation limits, which is realizable upon the imposition of additional kinematic
constraints, Unloading and repeated loading within the line Z;, with the additional
constraints removed does not result in bifurcation of equilibrium if S»* < Sze.  In
particular, there is a discussion of an analogous possibility in [20],
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